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Abstract
We obtain the necessary and sufficient conditions on real sequences (βi) for
the satisfaction of the generalized triangle inequality
‖
∑
i≥1
vi‖
p ≤
∑
i≥1
βi‖vi‖
p. (I)
Sequences (βi) for which the reverse of the inequality (I) holds are charac-
terized as well.
1. Introduction
Dadipour et al. [1] provide a characterisation of the vector µ = (µ1, ..., µn) ∈
R
n for which the inequality ‖
∑n
i=1
vi‖
p ≤
∑n
i=1
µi‖vi‖
p and its reverse hold.
Precisely they show that
Theorem 1. Let (X, ‖.‖) be a normed space, vi ∈ X, i = 1, ..., n and µ :=
(µ1, ..., µn) ∈ R
n. Then ‖
∑n
i=1
vi‖
p ≤
∑n
i=1
µi‖vi‖
p if and only if

µi > 0,
n∑
i=1
µ
1
1−p
i ≤ 1, p > 1; (1)
µi ≥ 1, 0 < p ≤ 1. (2)
And the reverse ‖
∑n
i=1
vi‖
p ≥
∑n
i=1
µi‖vi‖
p holds if and only if µi < 0 or
∃!j : µj > 0, µi < 0, i 6= j,


µ
1
1−p
j ≤ 1 +
∑
i 6=j
|µi|
1
1−p , p > 1; (3)
µj ≤ min{1, |µi|, i 6= j}, 0 < p ≤ 1. (4)
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Consider a normed space (X, ‖.‖) and let (vi)i≥1 ⊂ X . Suppose that (βi)
is a sequence of reals and that
∑
i≥1 ‖vi‖ <∞. Of course, the conditions (2)
through (4) are still necessary. Thus, the more involved part is finding the
optimal sufficient conditions on (βi).
2. Main results
Theorem 2. The p-triangle inequality
‖
∑
i≥1
vi‖
p ≤
∑
i≥1
βi‖vi‖
p (5)
holds true if and only if

βi > 0,
∑
i≥1
β
1
1−p
i ≤ 1, p > 1; (6)
βi ≥ 1, 0 < p ≤ 1. (7)
Proof. Assume (6) and let
∑
i≥1 vi 6= 0. Then by the reversed Ho¨lder’s
inequality
∑
i≥1
βi
(
‖vi‖
‖
∑
i≥1 vi‖
)p
≥
(∑
i≥1
‖vi‖
‖
∑
i≥1 vi‖
)p(∑
i≥1
α
1
1−p
i
)1−p
≥
(∑
i≥1
α
1
1−p
i
)1−p
≥ 1
by the triangle inequality
‖
∑
i≥1
vi‖ ≤
∑
i≥1
‖vi‖. (8)
Suppose (5) holds and let vi = 0 for all i ≥ n+1. By the results in [1], we
have that sn :=
∑n
i=1
β
1
1−p
i ≤ 1. But the sequence (sn) is strictly increasing,
and consequently has a limit. Therefore∑
i≥1
β
1
1−p
i ≤ 1.
The condition (7) is sufficient for (5) by (8) and the the assumption
∑
i≥1 ‖vi‖ <
∞. Furthermore, the necessity of (7) follows directly from (1).
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Theorem 3. The reversed p-triangle inequality
‖
∑
i≥1
vi‖
p ≥
∑
i≥1
βi‖vi‖
p (9)
holds if and only if βi < 0 or
∃!j : βj > 0, βi < 0, i 6= j,


α
1
1−p
j ≤ 1 +
∑
i 6=j
|βi|
1
1−p , p > 1; (10)
βj ≤ inf{1, |βi|, i 6= j}, 0 < p ≤ 1. (11)
Proof. By the results in [1], we only need to show (10) and (11).
Suppose (10) holds true. Let j ≥ 1 and let βj > 0, βi < 0, ∀ i 6= j. Then,
using the reverse of Ho¨lder’s inequality we get
‖
∑
i≥1
vi‖
p +
∑
i 6=j
|βi|‖vi‖
p ≥
(
1 +
∑
i 6=j
|βi|
1
1−p
)1−p(
‖
∑
i≥1
vi‖+
∑
i 6=j
‖vi‖
)p
. (12)
Notice that
‖
∑
i≥1
vi‖+
∑
i 6=j
‖vi‖ ≥ ‖vj‖. (13)
By (10) and (13), the inequality (12) simplifies to
‖
∑
i≥1
vi‖
p +
∑
i 6=j
|βi|‖vi‖
p ≥ βj‖vj‖
p
from which follows (9).
Conversely, assume (9). Let tn =
∑
i=1,...,n,
i 6=j
|βi|
1
1−p . It follows from (3)
that βj ≤ 1 + tn for all n ≥ 2. Therefore
βj ≤ 1 + lim
n→∞
tn = 1 +
∑
i 6=j
|βi|
1
1−p .
Now let p ∈ ]0, 1] and assume the condition (11) holds. Then we have
1
βj
≥ 1,
|βi|
βj
≥ 1, ∀ i 6= j. (14)
3
The case vj = 0 returns us to (9) with βi < 0, ∀ i ≥ 1. So let vj 6= 0. Finally,
using (13), we obtain(
‖
∑
i≥1 vi‖
‖vj‖
)p
+
∑
i 6=j
(
‖vi‖
‖vj‖
)p
≥ 1. (15)
And plugging (14) into (15), we deduce
1
βj
(
‖
∑
i≥1 vi‖
‖vj‖
)p
+
∑
i 6=j
|βi|
βj
(
‖vi‖
‖vj‖
)p
≥ 1.
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